Exercise with Solutions:
Conditional vs unconditional expectations in RE

models

Macroeconomics (M8674), May 2024

Vivaldo Mendes, ISCTE

vivaldo.mendes@iscte-iul.pt


mailto:vivaldo.mendes@iscte-iul.pt

Exercise: (uncoupled) model with Rational Expectations

Consider a simple model described by the following three equations:
Yt = PEyt11 + x4
Ti=¢+pri_1 +er, e~N(0,0%)
2t = 0+ MUYt

—~ ~—~
w N =
~— ~— —

where {3, ¢, p, o, u} are parameters.

1. What kind of variables (forward-looking, backward-looking, and static) do we have in
this model?

2. To secure one stable solution for this model, what are the constraints that we have to
Impose upon the parameters?

3. Solve for the model's deterministic steady-state (or long-term equtlibrium).



. Glven the following parameters, what are the long-term equilibrium levels of y;, x;
and zy, according to the hypothesis of conditional expectations?
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. Now consider that the system is in its long-term equilibrium. If in a given period t, x;
suffers a shock equal to €; = +1 (no more shocks afterward), what happens to x,
Y¢, and z;? And what will their values be int + 17

. Considering the same shock and the same parameters as above, what happens to y,
x4, and z;, according to the hypothesis of unconditional expectations?

. When will the two solutions (under conditional and unconditional expectations) be
the same?



Solutions



1. What kind of variables (forward-looking, backward-looking, and static) do we have in
this model?

Solution 1.

This is a dynamic model and has three variables: y; (a forward-looking variable); x; (a
backward-looking variable also called as predetermined), and z; which is a static

variable (no dynamics in itself).



2. To secure one stable solution, what are the constraints that we have to impose upon

the parameters?

Solution 2.

As we have a dynamic model, its stability depends on the eigenvalues associated with
the system. As this model has uncoupled blocks (each equation can be solved
separately), the eigenvalues correspond to individual parameters: 8 in eq. (1) and p in
eq. (2). Eg. (3) represents a static variable (2;), and static variables have no internal
dynamics, and so the parameters in eq. (3) are irrelevant to the stability of this model.

Therefore, to secure a unique and stable equilibrium in this model, we have to impose
the following conditions:

B8l <1, |pl <1



3. Solve for the model's deterministic steady-state (or long-term equtlibrium).

Solution 3.

The deterministic solution of the model is the solution without the random component
(e = 0, V). It is as if no random factors were affecting the model's dynamics.
Therefore, to solve for the deterministic steady state, we have to impose the following

conditions:

T =T 1=, Yt =K1 =Y, 2t =241 =2

Applying those conditions to each of the three equations above, we get:



Solution 3 (continuation).

T=¢+pz+0 = z(1—p)




4. Given the following parameters, what are the long-term equilibrium levels of y;, T;
and z;, according to the hypothesis of conditional expectations?

B=0.75,¢=10, p=05,0=2, n=0.1

Solution 4.

Let us start with eq. (2). Iterate backward in time up to the 3rd iteration, then generalize
to the n-th iteration. Assuming that |p| < 1 in order to rule out explosive behavior, we
get Jjump to Appendix 1 for the derivation details):



Solution 4 (continuation).

n—1
Ty =@+ pri1+E = Ty = 1%45’0 T szet—z’ (7)
, , i=0

deterministic
random part

If ¢ =10, p = 0.5, then

10 n—1 . n—1 '
= 0.5%¢;—; = 20 0.5%¢:_; 8
1= o ; £ 0, + ; £ (8)
determinist part W T

Therefore, we can simply write the solution to z; as the sum of a deterministic part (Z)
and a a random component (z°):

Ty =T+ z° (8a)
10



Solution 4 (continuation).

It is easy to see that the solution in (8)-(8a) depends on the shocks that may hit this
process over time.

e |f we have no shocks, £ = 0, and we are back to the deterministic case where
Lt — x = 20
e |f we have one shock, we will see what happens in question 5

e |f we have many shocks, it is better to use the computer
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Now, let us move on to eq. (1). lterate (now) forward up to the 3rd iteration, then
generalize to the n-th iteration. Assuming that 8 < |1| in order to rule out explosive
behavior, we get (jump to Appendix 2 for the derivation details):

n—1
Yt = PEwyen1 + 0 = Yy = ZBZEtith (9)
i=0

But, in eq. (9), what is the value of [E;x;.;? Considering that in eq. (2) we have
T = @ + pxi_1 + €4 then we will get (jump to Appendix 3 for details of the result
below, or see slide 18 in "6. The Simplest DSGE Model")

¢ 1 €
Eiri; = 1, T P Ty (10)
— pP N~
N—— random
deterministic

Inserting eq. (10) into (9), we get:
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n—1 n—1 n—1
L 7 ') L 7 ¢ 1 €
—;ﬁEtxtJrz Zﬁ (—ermt)—;ﬁ (—1—,0 +7;— (Bp)"x;
detern‘zgnistic ra;gom

o

Now, we must obtain the solution to the two geometric sums above. Jump to Appendix
4 to get the details associated with a geometric sum and its solution, or see slide 8 in
"5. Solving Rational Expectations Models". The result will come out as follows:

o/(1—p T
detern;;nistic rcm:drom

Taking into account that ¢ = 10, p = 0.5, 8 = 0.75, the solution to eq. (11) is given by:
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~10/(1 - 0.5) z¢

= = &0 1.6z 12
YT 1 075 | 1-075x05 ~ RN (12)
elerm. — random

It is easy to see what forces affect the determination of y;:

e The first one is the impact of the deterministic value of x;, which is
(x = 10/(1 — 0.5) = 20). This impact is given by the following term in eq. (12):
10/(1 — 0.5)
1—-0.75

e The second one is the (indirect) impact that the shock exerts upon y;, given by

1.6z ;. Graphically, this impact can be represented as: €; — T;— yq

N——
1.6z

= 80

e If there are no shocks, we will have 7 = 0, and y; = y = 80. We are back to the
deterministic solution.

14



5. Now consider that the system is in its long-term equilibrium. If in a given period t, x;
suffers a shock equal to €; = +1 (no more shocks afterward), what happens to x,
Y¢, and z;? And what will their values be att + 17

Solution 5

Here, we have to start with x; because this variable directly suffers the shock. The
dynamics of x; is given by eq. (8) above. Let us bring it back:

n—1
_ ( .
o= 20, +) 05, (8a)
deterministic \Z:O Py

-~
random part

And the shock is this:

5t:—|—]—7 5t—|—i:O
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If the shock occurs at period , let us iterate the model forward two times: 2 = 0, 1, 2,
and see what happens to our variable x over time (x;.;). Notice that ¢ + 0 is when the
shock occurs (the initial period).

i =0= 24,0 =20+0.5%4,0i =20+05" x e 00= 20+ 0.5 x 1 =21

i=1=2,1=204+05%;11;=20+05" xegry1_1= 20+ 0.5! x 1 =20.5

i=2=249=20+0.5%2;=20+0.5"xer22= 20 + 05%°x1=20.25
deterministic ran‘gom

As expected, the deterministic part of ; remains constant (z = 20). The change
occurs in the random part of this process (z7,;):

2 =20+ 1 ,241=20+ 05 , 240=20+025 ,...

g I3 e
Ly Lir1 Liyo
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As we know the relationship between y; and x; that solves the model, we can obtain

the expected impact of such shock upon y;. That relationship was given above by eq.
(12). Let us bring it back:

y,= 80 + 1.6z¢ 12a
80 ; (12a)
determ. random

As the deterministic part of £ does not change, only its random part does, it is
immediate to get that:

Yo =80+16x1 = 81.6
Y1 =80+ 1.6 x 0.5 = 80.8
Yiro = 80 + 1.6 x 0.25 = 80.4

The shock that hits x; has a persistent impact over time, indirectly affecting y; as well.
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Now, consider the static variable (eq. 3):

Zt — 2 + O]_yt

It is iImmediate to see the impact of the shock €; = +1 upon z;:

Zii0 =2+0.1 x 81.6 = 10.16
21 =24 0.1 x 80.8 = 10.08
Ziio = 2+ 0.1 x 80.4 = 10.04

18



6. Considering the same shock and the same parameters as above, what happens to vy,
X+, and z¢, according to the hypothesis of unconditional expectations?

Solution 6

e With unconditional expectations, everything becomes easier to calculate.

e The solution to x; will be the same (eq. 8):

Ty = + Z 0.5, (8b)

determlmstlc

-~
random part

e The solution to y; is different in the case of unconditional expectations because, in
this case, we care about the unconditional mean of x in the solution to y;. This
solution was presented above (eq. 9). Let us bring it back:

19



Solution 6 (continuation)
n—1 .
Yt = Z [ERIE AW (9b)
i=0

e What is the unconditional mean of x;? It is K;x;; = = 20. Jump to Appendix 5
for further details. So, just insert this result into eq. (9b), and we will get:

n—1 n—1 —
; . T 20
yt:;BEtfvt—H’:;B $:1_ﬁ21_0.75:80 (13)

e The solution for z; is immediate: insert the result in eq. (13) into eq. (3):

%4 0.1 x 20
O e Y
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Solution 6 (continuation)

e Notice that the results in the two previous slides can be summarized as:

n—1 n—1
T, =T + Z 0.5%,_; = 20 + Z 0.5%,_ .
1=0 1=0

yt=80,zt:10,Vt

e The solutions to y; and z; are the same as those in the case of the deterministic
solution in Question 3: see eqs. (5) and (6).

e But they are different from those obtained under conditional expectations,

because in the current case we do not take into account the impact from the
shocks that affect x;.

21



Solution 6 (continuation)

e The solution to x; is the same under conditional and unconditional expectations
because x; is a predetermined (or backward-looking) variable.

e So, if shocks hit the economy, unconditional expectations will provide a wrong

answer to what truly happens in the economy. That is why all modern
macroeconomic models use conditional expectations.

7. When will the two solutions (under conditional and unconditional expectations) be
the same?

Solution 7

Only in the following case: no shocks will hit the economy (model) over time.

22



Appendices

Each one includes important techniques that are required for solving the questions
above.
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Appendix 1. Solving a backward-looking equation with noise
(jump back)

(iteration 1) = xy = ¢+ pri_1 + &4

(iteration 2) — xy =+ p(P+ pxs_o+€1-1) + €4
=@+ pp+ p°Ti_2 + per_1 + €

(iteration 3) — ;= ¢+ pd + p* (¢ + pxi_3 + €1_2) + per_1 + &4
=@+ pp+p P+ p’Tig+ pers+ per1 + &

3—1 3—1
=Y plo+p’ms+ Yy pler
1=0 i=0

n—1 n—1
(iteration n) — x; = Z p'o+ plxip + Z P Et_i
i=0 i=0
n—1 n—1
— szgb—l— Zp’st_i , as p<|1| = p"zs, — 0.
i=0 i=0
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Appendix 2. Solving a forward-looking equation (jump back)

(iteration 1) — y; = BEyr1 +
(iteration 2) — y; = B(BEyso + Erxyir) + x4
= B°Eiyir2 + BEie 1 +
(iteration 3) — y; = B* (BEwis3 + Eixiyn) + BEixi1 + x4

— 53Et’yt+3 + 52Et$t+2 + BEix1 + T
3—1

— 53Etyt+3 + Z /BiEtwtﬂ’
i—0

n—1

(iterationn) — y; = B"Eiysin + Z B'E1 2
i=0

n—1
= ZﬁzEtwt—l—i , as || <1= B"Etyrin — 0.
i=0
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Appendix 3. Conditional expectations (jump back)

Suppose that x; is given by the following stochastic process (noise affects x;):
T =@+ pri1+er, e~N (0702) (A1)

To compute the conditional expectation of x;1;, (E;xs1;), apply the expectations
operator to eq. (A1), up to the third iteration:

Ty = @+ pTi_1 + &

Eixi1 = ¢ + pErxy + Eigr1 = @+ pxy +0 = ¢ + pxy

Eixiio = ¢ + pEizi1 + Eigrpn = ¢+ p o + pzy] + 0 = ¢+ pd + pxy

Eizis = ¢+ pEewes + Brers = ¢+ p (¢ + pd + p’ay] +0 = ¢+ pp + p2<é + pz;
:zﬁ pp*

That is, at the 3rd iteration, we get:

3-1
Kixsy 3 = Z op* + pPay
k=0 26



Generalizing to the zth iteration, we obtain:

i—1
. b .
Eixi; = K 'y = ——— ‘x A2
(T k;qﬁpﬂot T, T (A2)
But as the deterministic mean of x; is given by T = %p, then we can rewrite (A2) as:

Kixsy; = ¢ +p'zy =T + p'af (A3)

1— P N~

R_/_/ Tt

where x° is the random component of this process affecting ;. (jump back)

27



Appendix 4: Solution of a Geometric Series (jump back)

e Suppose we have a process that is written as:

s=p'0+p' o+ P70+’ + ... =) ¢
1=0

e [t has two crucial elements:
o First term of the series (when 7 = 0): ¢
o The common ratio: p

e The solution is given by the expression:

first term
s = — = P , if |pl <1
1 — common ratio 1—0p

e No solution: if |p| > 1, s is explosive; if |p| = 1, s does not converge to any value.
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Appendix 5. Unconditional expectations (jump back)

e Suppose that x; is given by the following stochastic process:
Ty =@+ pri_1+Er, E NN(O,U2)

e Assuming unconditional expectations, the mean is given by the (deterministic)
steady-state value of x;:

Lt — Tt_1 =57

e Which leads to:

5:q5—|—p5—|—0:>izll : p # 1.
—pP
e Therefore, the expected (unconditional) value of [E;x+; is given by:
Eoppy; =7 = —2
1—0p

(A4)
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Gladys' doubt

n—1
) + Z Bp)'xy (10a)

NV NV
deterministic random

We have two geometric sums in the eq. that precedes (11). Let us call it as eq. (10a). The
solution to a geometric sum is:

first term

S = ,
1 — common ratio

where the first term is the term of the sum when 7 = 0, and the common ratio is the
constant that is raised to the power of 2. Applying this principle to the two sums above,
we get

_¢
1—p Lt

yt:1—5+1—ﬁp (11a)

That is all. Eq. (12) is the same as eq(11), but with the parameter values inserted.

30



